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Introduction and preliminaries
Lau [10] introduced a wide class of Banach algebras, called
F-algebras, and studied the notion of left amenability for
these algebras. In [12], Nasr-Isfahani introduced the con-
cept of inner amenability for Lau algebras. A Lau algebra
A was said to be inner amenable if there exists a topolog-
ical inner invariant mean on the W-algebra A, that is, a
positive linear functional m of norm 1 on A, such that
mðf :aÞ ¼ mða:f Þ for all f 2 A and all a 2 P1ðAÞ ¼ fa 2
A : kak ¼ 1g (or equivalently, for all a 2 A). Commutative
Lau algebras, such as the Fourier algebra A(G) of a locally
compact group G, are examples of inner amenable alge-
bras. In addition, the group algebra L1ðGÞ of any locally
compact group G is inner amenable.
Recently, Jabbari et al. [8] have introduced the notion of
u-inner amenability for a Banach algebra A, where
u 2 DðAÞ, the character space of A. A Banach algebra
A was said to be u-inner amenable if there exists a m 2 A
satisfying mðuÞ ¼ 1 and mðf :aÞ ¼ mða:f Þða 2 A; f 2 AÞ.
A is said to be character inner amenable if and only if A is
u-inner amenable for every u 2 DðAÞ.
In [6], Ebrahimi Vishki and Khoddami have investigated
the character inner amenability for certain products of
Banach algebras consist of projective tensor product A bB,
Lau product Ah B, where h 2 DðBÞ and the module
extension A X. For instance, they showed that the pro-
jective tensor product A bB is character inner amenable if
and only if both A and B are character inner amenable.
Let A and A be Banach algebras, such that A be a
Banach A-bimodule with compatible actions
a:ðabÞ ¼ ða:aÞb; ðabÞ:a ¼ aðb:aÞ; a:ðb:aÞ ¼ ðabÞ:a; ða:bÞ:
a ¼ a:ðbaÞ;
for all a; b 2 A and a 2 A.
Let X be a Banach A-bimodule and a Banach A-bi-
module with compatible left actions defined by
a:ða:xÞ ¼ ða:aÞ:x; a:ða:xÞ ¼ ða:aÞ:x; ða:xÞ:a ¼ a:
ðx:aÞða 2 A; a 2 A; x 2 XÞ;
and similar for the right or two-sided actions. Then, we say
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Let A bA be the projective tensor product of A and
A which is a Banach A-bimodule and a Banach A-bi-
module by the following actions:
a:ða bÞ ¼ ða:aÞ  b; c:ða bÞ ¼ ðcaÞ  bða 2 A; a; b; c 2 AÞ;
similarly for the right actions. Let I
A bA be the closed ideal
of A bA generated by elements of the form:
fa:a b a a:bja 2 A; a; b 2 Ag: ð1Þ
Consider the map xA 2 LðA bA;AÞ defined by xAða
bÞ ¼ ab and extended by linearity and continuity. Let JA be
the closed ideal of A generated by
xðI
A bAÞ ¼ fða:aÞb aða:bÞ ja; b 2 A; a 2 Ag: ð2Þ
Then, the module projective tensor product A bAA, which
is ðA bAÞ=I
A bA by [16], and the quotient Banach algebra
A=JA are both Banach A-bimodules and Banach A-bi-
modules. In addition, A=JA is A-A-module with compatible
actions when A acts on A=JA canonically.
Let A and A be Banach algebras, such that A is a
Banach A-bimodule with compatible actions. Let u 2
DðAÞ [ fg and consider the set XA;u of linear continuous
maps / : A! A, such that
/ðabÞ ¼ /ðaÞ/ðbÞ;/ða:aÞ ¼ /ða:aÞ ¼ uðaÞ/ðaÞ
ða; b 2 A; a 2 AÞ: ð3Þ
The concept of module ð/;uÞ-amenability and module
character amenability for Banach algebra A, where u 2
DðAÞ and / 2 XA were introduced by Bodaghi and Amini
in [4].
Our aim in this paper is to introduce and study module
ð/;uÞ-inner amenability and module character inner
amenability of Banach algebras. We characterize ð/;uÞ-
inner amenability and prove some hereditary properties.
Moreover, we investigate that module ð/;uÞ-inner
amenability for certain class of Banach algebras consists of
projective tensor product A bB, A1 B, and Ap B, the
lp-direct sum of A and B, where 1 p\1.
Characterization and hereditary properties
We commence this section with the following definition.
Definition 2.1 Let A be a Banach A-bimodule and let
u 2 DðAÞ and / 2 XA. Then, A is called module ð/;uÞ-
inner amenable if there exists m 2 A, such that
mðu 	 /Þ ¼ 1, mðf :aÞ ¼ mða:f Þ and mða:f Þ ¼ mðf :aÞ for
all a 2 A; f 2 A and a 2 A. A Banach A-bimodule A is
called module character inner amenable if it is module
ð/;uÞ-inner amenable for each u 2 DðAÞ and / 2 XA.
We note that if A ¼ C and u is the identity map, then
the module ð/;uÞ-inner amenability and module character
inner amenability coincide with /-inner amenability and
character inner amenability (see [8] and [6]).
The next theorem characterizes module ð/;uÞ-inner
amenability of Banach algebras that is analogue of
Proposition 2.1 of [5] on module ð/;uÞ-amenable Banach
algebras.
Theorem 2.2 Let A be a Banach A-bimodule and let
u 2 DðAÞ and / 2 XA. Then, the following statements are
equivalent:
(i) A is module ð/;uÞ-inner amenable;
(ii) There exists a bounded net ðaiÞi in A such that
kaai  aiak ! 0; ka:ai  ai:ak ! 0ða 2 A; a 2
AÞ and u 	 /ðaiÞ ¼ 1 for all i;
(iii) There exists a bounded net ðaiÞi in A such that
kaai  aiak ! 0; k a:ai  ai:ak ! 0ða 2
A; a 2 AÞ and u 	 /ðaiÞ ! 1.
Proof (iii))(i) Assume that a net ðaiÞi exists. Let m be a
w-cluster point of the net ðaiÞi in A. Then, hm;u 	 /i ¼
limihu 	 /; aii ¼ 1: For every a 2 A and f 2 A, we have
hm; f :ai ¼ lim
i










ha:f ; aii ¼ hm; a:f i;
and similarly, we have hm; f :ai ¼ hm; a:f iða 2 AÞ. There-
fore, A is module ð/;uÞ-inner amenable.
(i)) (ii) Suppose that A is module ð/;uÞ-inner
amenable. Then, there exists m 2 A such that
mðu 	 /Þ ¼ 1, mðf :aÞ ¼ mða:f Þ, and mða:f Þ ¼ mðf :aÞ for
all a 2 A; f 2 A and a 2 A. Choose a net ðubÞb in A with
ub ! m in the w-topology of A and kubkkmk for all
b. Since hu 	 /; ubi ! hu 	 /;mi ¼ 1, passing to a





assume that u 	 /ðubÞ ¼ 1 and kubkkmk þ 1 for all b.
Consider the product space AA endowed with the product of
norm topological. Define a linear map T : A! AA by
TðbÞ ¼ ab baþ a:b b:a
a2A; for all b 2 A and a 2 A.
Let
B ¼ fb 2 A : kbkkmk þ 1 and u 	 /ðbÞ ¼ 1g 
 A:
Clearly, B is convex and so T(B) is a convex subset of AA.
For every f 2 A, we have
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hf ; aub  ubaþ a:ub  ub:ai
¼ hf ; aubi  hf ; ubai þ hf ; a:ubi þ hf ; ub:ai
¼ hf :a; ubi  ha:f ; ubi þ hf :a; ubi þ ha:f ; ubi
! hm; f :ai  hm; a:f i þ hm; f :ai  hm; a:f i
¼ 0:
This product of weak topologies coincide with topology on
AA (see Theorem 4.3 of [17]). By Mazur’s theorem, 0 2
TðBÞw ¼ TðBÞk:k: Therefore, there exists a bounded net
ðaiÞi in A, such that u 	 /ðaiÞ ¼ 1 and
kaai  aiak ! 0; ka:ai  ai:ak ! 0ða 2 A; a 2 AÞ:
(ii)) (iii) It is clear. h
Definition 2.3 We say that the Banach algebra A acts
trivially on A from the left (right) if there is a multiplicative
linear functional f on A, such that a:a ¼ f ðaÞa (resp.
a:a ¼ f ðaÞa) for all a 2 A and a 2 A.
For the proof of the following result, we refer to Lemma
3.13 of [1].
Lemma 2.4 LetA acts on A trivially from the left or right
and A=JA has a right bounded approximate identity, then
for each a 2 A and a 2 A we have f ðaÞa a:a 2 JA.
Let u 2 DðAÞ and / 2 XA. Clearly,
/
ða:aÞb aða:bÞ ¼ 0ða 2 A; a; b 2 AÞ, and hence, / ¼
0 on JA and ~/ : A=JA ! A given by ~/ðaþ JAÞ ¼ /ðaÞ is
well defined. Then, ~/ 2 XA=JA .
Proposition 2.5 Let A be a Banach A-bimodule, and let
A acts on A trivially from the left and A=JA has a bounded
approximate identity. Then A=JA is u 	 ~/-inner amenable
for every u 2 DðAÞ and / 2 XA.
Proof Let ðea þ JAÞa be a bounded approximate identity
of A=JA and let u 2 DðAÞ and / 2 XA. Then,
u 	 ~/ðea þ JAÞ ! 1. Clearly
kðaþ JAÞðea þ JAÞ  ðea þ JAÞðaþ JAÞk ! 0
for all aþ JA 2 A=JA. By Proposition 2.2 of [6], A=JA is
u 	 ~/-inner amenable. h
Note that in the above proposition, both left and right
actions of A on A=JA are trivial, by Lemma 2.4. Therefore,
for every a 2 A, we have
ka:ðea þ JAÞ  ðea þ JAÞ:ak
¼ ka:ea þ JA  ea:aþ JAk
¼ kf ðaÞðea þ JAÞ  f ðaÞðea þ JAÞk ¼ 0:
Then, the net ðea þ JAÞa satisfies condition (iii) of Theo-
rem 2.2, and hence, A=JA is module ð ~/;uÞ-inner amenable.
Remark 2.6 A inverse semigroup is a discrete semigroup
S, such that for each s 2 S, there is a unique element s 2 S
with sss ¼ s and sss ¼ s. An element e 2 S is called an
idempotent if e2 ¼ e ¼ e. The set of idempotent elements
of S is denoted by ES. Define the relation  on ES by
e d , ed ¼ eðe; d 2 ESÞ: Then, ES is a commutative
subsemigroup of S, and l1ðESÞ may be regarded as a sub-
algebra of l1ðSÞ.
Let s be an inverse semigroup with the set of idempo-
tents ES. We let l
1ðESÞ acts on l1ðSÞ by multiplication from
the right and trivially from the left, that is
de:ds ¼ dsds:de ¼ dse ¼ ds  deðe 2 ES; s 2 SÞ:
By these actions, l1ðSÞ becomes a Banach l1ðESÞ-module.
In this case
Jl1ðSÞ ¼ fdset  dstje 2 ES; s; t 2 Sg:
We consider an equivalence relation on S as follows s 
t , ds  dt 2 Jl1ðSÞðs; t 2 SÞ: For inverse semigroup S, the
quotient semigroup S=  is discrete group and so l1ðS= Þ
has an identity (see [2, 13]). Indeed, S=  is homomorphic
to the maximal group homomorphic image GS of S (see
[11, 14]). It is also shown in Theorem 3.3 of [15] that
l1ðSÞ=Jl1ðSÞ ﬃ l1ðS= Þ ¼ l1ðGSÞ is a commutative l1ðESÞ-
bimodule with the following actions:
de:d½s ¼ d½s; d½s:de ¼ d½seðs 2 S; e 2 ESÞ;
where [s] denotes the equivalence class of s in GS.
It is shown in [4] that the maps u and / satisfying (3)
exist for l1ðSÞ:
Example 2.7 Let S be an inverse semigroup with the set
of idempotents ES. Consider l
1ðSÞ as a Banach module over
l1ðESÞ with the trivial left action and natural right action.
Then, by Proposition 2.5, l1ðGSÞ is u 	 ~/-inner amenable
(module ð ~/;uÞ-inner amenable) for all u 2 Dðl1ðESÞÞ and
/ 2 Xl1ðSÞ.
Example 2.8 Let A be a commutative Banach algebra and
commutative A-bimodule (i.e., a:a ¼ a:aða 2 A; a 2 AÞÞ.
Let u 2 DðAÞ;/ 2 XA and let a 2 A be such that
u 	 /ðaÞ ¼ 1. put m ¼ ba: Then, mðu 	 /Þ ¼ baðu 	 /Þ ¼
u 	 /ðaÞ ¼ 1 and clearly, mðf :aÞ ¼ mða:f Þ and mða:f Þ ¼
mðf :aÞ for all a 2 A; a 2 A: Therefore, A is module ð/;uÞ-
inner amenable. In particular, if S is a commutative inverse
semigroup, then l1ðSÞ is commutative and commutative
l1ðESÞ-bimodule. Therefore, l1ðSÞ is module ð/;uÞ-inner
amenable for all u 2 Dðl1ðESÞÞ and / 2 Xl1ðSÞ.
Example 2.9 Let S ¼ ðN;^Þ be the inverse semigroup of
positive integers with the minimum operation. Let A ¼
l1ðSÞ;A ¼ lðESÞ and A acts on A by the following actions:
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de:ds ¼ ds:de ¼ dse ðe 2 ES; s 2 SÞ:
A is module amenable (see page 42 of [3]). By Theorem 2.1
of [4], A is module character amenable. Let u 2 DðAÞ and
/ 2 XA. Then, there exist m 2 A, such that mðf :aÞ ¼
u 	 /ðaÞmðf Þ;mðf :aÞ ¼ uðaÞmðf Þ and mðu 	 /Þ ¼ 1 for
every f 2 A; a 2 A and a 2 A. Let ðaaÞa be a net in
A converging to m in the w-topology of A. Since A is
commutative and commutative A-bimodule, for every
a 2 A; f 2 A
mðf :aÞ ¼ lim
a









Similarly, for every a 2 A and f 2 A, we have
mðf :aÞ ¼ mða:f Þ:
Thus, A is module ð/;uÞ-inner amenable. Therefore, A is
module character inner amenable.
The proof of the following proposition is adapted from
that of Proposition 2.3 of [4].
Proposition 2.10 Let A and B be Banach A-bimodules
and let h be an A-module homomorphism with dense
range. If / 2 XB;u 2 DðAÞ and A is module ð/ 	 h;uÞ-
inner amenable, then B is module ð/;uÞ-inner amenable.
Proof Let m 2 A be such that mu 	 ð/ 	 hÞ ¼
1;mðf :aÞ ¼ mða:f Þ and mðf :aÞ ¼ mða:f Þ for all a 2 A; f 2
A and a 2 A. Define mB 2 B by







ðb 2 BÞ: For see this let b 2 B be such that
hðaÞ ¼ b. One can easily check that ðg:hðaÞÞ 	 h ¼ ðg 	
hÞ:a and ðhðaÞ:gÞ 	 h ¼ a:ðg 	 hÞ: Hence for every g 2 B
mBðg:bÞ ¼ mB

g:hðaÞ ¼ mðg:hðaÞÞ 	 h
¼ mðg 	 hÞ:a ¼ ma:ðg 	 hÞ











ðb 2 BÞ: In addition, for
every a 2 A, we have
mBðg:aÞ ¼ m
ðg:aÞ 	 h ¼ mðg 	 hÞ:a
¼ ma:ðg 	 hÞ ¼ mða:gÞ 	 hÞ
¼ mBða:gÞ:
Furthermore, mBðu 	 /Þ ¼ m
ðu 	 /Þ 	 h ¼ mu 	 ð/ 	
hÞ ¼ 1: Therefore, B is module ð/;uÞ-inner amenable. h
Corollary 2.11 Let A and B be Banach A-bimodules and
let h be an A-module homomorphism with dense range.
Then the module character inner amenability of A implies
the module character inner amenability of B. In particular,
if A is module character inner amenable, then so is A=JA.
The proof idea of the following result is taken from the
proof of Lemma 2.6 of [4].
Proposition 2.12 Let A be a BanachA-bimodule and I be
a closed ideal and A-submodule of A, and let u 2 DðAÞ
and / 2 XA be such that /jI 6¼ 0: If A is module ð/;uÞ-
inner amenable, then I is module ð/jI ;uÞ-inner amenable.
Proof Let m 2 A satisfy mðu 	 /Þ ¼ 1, mðf :aÞ ¼
mða:f Þ and mða:f Þ ¼ mðf :aÞ for all a 2 A; f 2 A and
a 2 A. By a similar argument as in the proof of Lemma 3.1
of [9], one can define a bounded linear functional n on I
by, nðgÞ ¼ mðf Þ for all g 2 I, where f is an arbitrary ele-
ment of A extending g. Now, for every g 2 I; a 2 I and
a 2 A, we have
nðg:aÞ ¼ mðf :aÞ ¼ mða:f Þ ¼ nða:gÞ;
and
nðg:aÞ ¼ mðf :aÞ ¼ mða:f Þ ¼ nða:gÞ:
In addition, nðu 	 /jIÞ ¼ mðu 	 /Þ ¼ 1: Therefore, I is
module ð/jI ;uÞ-inner amenable. h
We need to recall the following remark from [4] to give
the next result:
Remark 2.13 Let A be a Banach algebra and A be the
unitization of A which is A ¼ A C is a unital Banach
algebra which contains A as a closed ideal. Let A be a
Banach A-module. Then, A is a Banach A-bimodule with
the following module actions:
ða; kÞ:a ¼ a:aþ ka; a:ða; kÞ ¼ a:aþ kaðk 2 C; a 2 A; a 2 AÞ:
Let A] ¼ ðAA; Þ, where the multiplication  is defined
through
ða; uÞ  ðb; vÞ ¼ ðabþ a:vþ u:b; uvÞða; b 2 A; u; v 2 AÞ:
Then, with the actions defined by
u:ða; vÞ ¼ ðu:a; uvÞ; ða; vÞ:u ¼ ða:u; vuÞða 2 A; u; v 2 AÞ;
A] is a unital A-module Banach algebra with the identity
eA] ¼ ð0; eAÞ , where eA ¼ ð0; 1Þ: Now, suppose that / 2
XA and u# is the extension of u on A defined by
u#ða; kÞ ¼ uðaÞ þ kða 2 A; a 2 A; k 2 C. If u ¼ ða; kÞ
2 A, it is easy to see that
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/ða:uÞ ¼ /ðu:aÞ ¼ u#ðuÞ/ðaÞða 2 AÞ: ð4Þ
Define /] : A] ! A by
/]ða; uÞ ¼ ð/ðaÞ;u#ðuÞÞða 2 A; u 2 AÞ: ð5Þ
Using (4), one can show that /] is multiplicative and
/]ðu:ða; vÞÞ ¼ /]ðða; vÞ:uÞ ¼ u#ðuÞ/]ða; vÞða 2 A; u; v 2 AÞ:
Therefore, /] is an extension of /, such that /]ð0; uÞ ¼
u#ðuÞ is the extension h0 ¼ ~0 of the zero function given by
(5).
The proof of the following theorem is inspired by the
proof of Proposition 2.7 of [4].
Proposition 2.14 Let A be a Banach A-bimodule, and let
u 2 DðAÞ and / 2 XA. Then, A is module ð/;uÞ-inner
amenable if and only if A] is module ð/];u#Þ-inner
amenable.
Proof Let A] be module ð/];u#Þ-inner amenable. Since
the image of /]jA is included in A, by 2.12, we conclude
that A is module ð/;uÞ-inner amenable.
Conversely, suppose that A is module ð/;uÞ-inner
amenable. Then, there exists a m 2 A, such that
mðu 	 /Þ ¼ 1, mðf :aÞ ¼ mða:f Þ, and mða:f Þ ¼ mðf :aÞ for
all a 2 A; f 2 A and a 2 A. By Remark 2.13, we may
identify the dual space ðA]Þ with A  Ch0, where h0jA ¼
0 and h0ðeA]Þ ¼ 1: Define n 2 ðA]Þ by nðf Þ ¼ mðf Þðf 2
AÞ and nðh0Þ ¼ 0. Since A is an ideal and A-submodule of
A], it follows that h0:a ¼ 0 and h0:a ¼ 0 for all a 2 A and
a 2 A. A simple computation shows that
n
ðf þ kh0Þ:ðaþ k0eA]Þ






 ¼ nu:ðf þ kh0Þ

;
for all f 2 A; a 2 A; u 2 A and k; k0 2 C. For f 2 A,
consider the map f : A] ! C defined by f ða; uÞ ¼ f ðaÞ þ
~uðuÞða 2 A; u 2 AÞ: Thus, u# 	 /] ¼ u 	 /, and hence
nðu# 	 /]Þ ¼ nðu 	 /Þ ¼ nðu 	 /þ kh0Þ ¼ mðu 	 /Þ ¼ 1:
Therefore, A] is module ð/];u#Þ-inner amenable.
Module inner amenability of certain Banach
algebras
Let A bB be the projective tensor product of two Banach
algebras A and B. For every f 2 A and g 2 B, let f  g
denote the element of ðA bBÞ satisfying,
f  gða bÞ ¼ f ðaÞgðbÞða 2 A; b 2 BÞ. In addition, note
that A bB is a Banach A bA-bimodule with the following
actions:
ða bÞ:ða bÞ ¼ ða:aÞ  ðb:bÞða 2 A; b 2 B; a; b 2 AÞ;
and similarly for right action. For u1;u2 2 DðAÞ;w 2
XAð¼ XA;uÞ and / 2 XAð¼ XA;u2Þ, define ð/ wÞ :
A bB! A bA by
ð/ wÞða bÞ ¼ /ðaÞ  wðbÞða 2 A; b 2 BÞ. Clearly,
/ w 2 X
A bBð¼ XA bB;u1u2Þ and u1  u2 2 DðA bAÞ.
In addition, if u 2 DðA bAÞ, then u ¼ u1  u2, where
u1;u2 2 DðAÞ (see [4]).
The technique of proof of the following theorem (one
side) is similar to that of Theorem 2.8 of [4].
Theorem 3.1 Let A and B be Banach A-bimodules, and
let u1;u2 2 DðAÞ and / 2 XA;w 2 XB. Then A bB is
module ð/ w;u1  u2Þ-inner amenable (as A bA
module) if and only if A is module ð/;u1Þ-inner amenable
and B is module ðw;u2Þ-inner amenable.
Proof Suppose that A bB is module ð/ w;u1  u2Þ-
inner amenable. Then, there exists m 2 ðA bBÞ, such that
m
ðu1  u2Þ 	 ð/ wÞ
 ¼ 1 and
m

f  g:ða bÞ ¼ mða bÞ:f  g;mf  g:ða bÞ
¼ mða bÞ:f  g;
for all a b 2 A bB; f 2 A; g 2 B and a b 2 A bA.
Define mA : A
 ! C by mAðf Þ ¼ m

f  ðu2 	 wÞ
ðf 2 AÞ.
Therefore,mAðu1 	 /Þ ¼ m
ðu1 	 /Þ  ðu2 	 wÞ
 ¼ mðu1
u2Þ 	ð/ wÞ
 ¼ 1: Choose b0 2 A, such that u2
	wðb0Þ ¼ 1. Therefore, for every a 2 A and f 2 A, we have
mAðf :aÞ ¼ m
ðf :aÞ  ðu2 	 wÞ

¼ mðf :aÞ  ðu2 	 wÞ:b0

¼ mf  ðu2 	 wÞ:ða b0Þ

¼ mða b0Þ:f  ðu2 	 wÞ

¼ mða:f Þ  b0:ðu2 	 wÞ

¼ mAða:f Þ:
Similarly, for every a 2 A, if we take b 2 A, such that
u2ðbÞ ¼ 1, then
mAðf :aÞ ¼ m
ðf :aÞ  ðu2 	 wÞ

¼ mðf :aÞ  ðu2 	 wÞ:b

¼ mf  ðu2 	 wÞ:ða bÞ

¼ mða bÞ:f  ðu2 	 wÞ

¼ mða:f Þ  b:ðu2 	 wÞ






for all f 2 A. Therefore, A is module ðu;/1Þ-inner
amenable. Similarly, one can prove that B is module
ðw;/2Þ-inner amenable.
For the converse, let A is module ð/;u1Þ-inner
amenable and B is module ðw;u2Þ-inner amenable. Then,
by Theorem 2.2, there exist bounded nets ðaiÞi in A and
ðbjÞj in B with bounds M1 and M2, respectively, such that
u1 	 /ðaiÞ ¼ 1; kaai  aiak ! 0; ka:ai  ai:ak !
0ða 2 A; a 2 AÞ;
and
u2 	 wðbjÞ ¼ 1; kbbj  bjbk ! 0; ka:bj  bj:ak
! 0ðb 2 B; a 2 AÞ:
Consider the bounded net ðai  bjÞði;jÞ in A bB. Therefore,
ðu1  u2Þ 	 ð/ wÞ
ðai  bjÞ ¼ u1 	 /ðaiÞu2	 wðbjÞ ¼
1. Let F ¼PNl¼ al  bl 2 A bA, then















M1kalkkbl:bj  bj:blk ! 0:
Now, let G 2 A bA, so there exist sequences ðalÞl 
 A
and ðblÞl 
 A, such that G ¼
P1
l¼ al  bl with
P1
l¼1 kalkkblk\1: By the same argument as in the proof
of the Theorem 3.1 of [6], for every G 2 A bA, one can
show that kG:ðai  bjÞ  ðai  bjÞ:Gk ! 0. Similarly,
we may show that kGðai  bjÞ  ðai  bjÞGk ! 0 for all
G 2 A bB. Therefore, Proposition 2.2 implies that A bB is
module ð/ w;u1  u2Þ-inner amenable.
Let A and B be Banach algebras, it is well known that
A1 B and Ap B, the lp-direct sum of A and B, are
Banach algebras with respect to the canonical multiplica-
tion defined by
ða; bÞðc; dÞ :¼ ðac; bdÞ ða; c 2 A; b; d 2 BÞ;
and norms kða; bÞk ¼ maxfkak; kbkg and kða; bÞk ¼
ðkakp þ kbkpÞ1pða 2 A; b 2 BÞ: Furthermore, if A and B are
two Banach A-bimodules, then A1 B and Ap B are
Banach A-bimodules under the module actions
a:ða; bÞ ¼ ða:a; a:bÞ; ða; bÞ:a
¼ ða:a; b:aÞ ða 2 A; b 2 B; a 2 AÞ:
Before stating the next theorem, we note that if for every
u 2 DðAÞ;/ 2 XA and w 2 XB, we define ð0;wÞ : Ap
B! A and ð/; 0Þ : Ap B! A by
ð0;wÞða; bÞ ¼ wðbÞ; ð/; 0Þða; bÞ ¼ /ðaÞða 2 A; b 2 BÞ;
where 1 p1; then ð0;wÞ and ð/; 0Þ 2
XApBð¼ XApB;uÞ.
Theorem 3.2 Let A and B be two A-bimodule Banach
algebras, u 2 DðAÞ;/ 2 XA;w 2 XB and 1 p1:
Then the following statements are valid:
(i) Ap B is module
ð/; 0Þ;u-inner amenable if and
only if A is module ð/;uÞ-inner amenable.
(ii) Ap B is module
ð0;wÞ;u-inner amenable if and
only if B is module ðw;uÞ-inner amenable.
Proof (i) Assume that Ap B is module
ð/; 0Þ;u-inner
amenable. By Theorem 2.2, there exists a net ðai; biÞi in
Ap B, such that u 	 ð/; 0Þðai; biÞ ! 1 and
kða; bÞ:ðai; biÞ  ðai; biÞ:ða; bÞk ! 0; ka:ðai; biÞ
 ðai; biÞ:ak ! 0;
for all ða; bÞ 2 Ap B and a 2 A. Consider the bounded
net ðaiÞi in A. One can easily show that kaai  aiak ! 0
and ka:ai  ai:ak ! 0 for all a 2 A; a 2 A. In addition, it
is clear that u 	 /ðaiÞ ! 1. Therefore, Theorem 2.2
implies that A is module ð/;uÞ-inner amenable.
Conversely, suppose that A is module ð/;uÞ-inner
amenable. Then, there exists a bounded net ðaiÞi in A, such
that u 	 /ðaiÞ ! 1, kaai  aiak ! 0 and ka:ai  ai:ak 
! 0 for all a 2 A; a 2 A. Clearly, the bounded net
ðai; 0Þi  Ap B satisfies in the condition (iii) of Theo-
rem 2.2. Therefore, Ap B is module
ð/; 0Þ;u-inner
amenable.
Similarly, we can prove (ii). h
Corollary 3.3 Let A and B be two A-bimodule Banach
algebras and 1 p1: Then Ap B is module
ð/; 0Þ;u-inner amenable and module ð0;wÞ;u-inner
amenable for every u 2 DðAÞ;/ 2 XA and w 2 XB if and
only if both A and B are module character inner amenable.
We note that for two Banach algebras A and B, a direct
verification shows that
DðAp BÞ ¼ ðDðAÞ  f0gÞ [ ðf0g  DðBÞÞ; 1 p1:
Now, if we take A ¼ C and u is the identity map in the
above corollary, then we obtain that Ap B is character
inner amenable if and only if both A and B are character
inner amenable. Therefore, the above corollary generalizes
Proposition 4.2 of [6].
Let A be a Banach algebra and X be a Banach A-bi-
module. The l1-direct sum of A and X, denoted by A1 X,
with the product defined by
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ða; xÞða0; x0Þ ¼ ðaa0; a:x0 þ x:a0Þða; a0 2 A; x; x0 2 XÞ;
is a Banach algebra that is called the module extension
Banach algebra of A and X.
If A is A-bimodule and X is a Banach A-A-module, then
A1 X is Banach A-bimodules under the module actions:
a:ða; xÞ ¼ ða:a; a:xÞ; ða; xÞ:a ¼ ða:a; x:aÞ
ða 2 A; x 2 X; a 2 AÞ: ð6Þ
Let A and B be Banach algebras and let X be a Banach
A, B-module; that is, a left A-module and a right B-module
satisfying kaxbkkakkxkkbk; ða 2 A; b 2 B; x 2 XÞ: The





: a 2 A; x 2 X; b 2 B
o
;




k ¼ kak þ kxk þ kbk:
This Banach algebra were introduced by Forrest and
Marcoux in [7]. Note that s can be identified with the
module extension ðA1 BÞ 1 X, in which X is considered
as a A1 B-module under the operations:
ða; bÞ:x ¼ ax; x:ða; bÞ ¼ xbða 2 A; b 2 B; x 2 XÞ:
Furthermore, if A and B are two Banach A-bimodules and
X is a Banach A1 B-A-module, then s is Banach A-bi-
modules under the module actions defined as (6).
Let / 2 XA and define ~/ : A1 X ! A by
~/ða; xÞ ¼ /ðaÞða 2 A; x 2 XÞ. Then, ~/ 2 XA1X .
Using Theorem 2.2, we can routinely prove the fol-
lowing proposition and so we omit its proof.
Proposition 3.4 Let A be A-bimodule and X be a Banach
A-A-module and let u 2 DðAÞ and / 2 XA. Then A1 X
is module ð ~/;uÞ-inner amenable if and only if there exists
a bounded net ðai; xiÞi in A1 X satisfying
(i) u 	 /ðaiÞ ! 1 and kaai  aiak ! 0; ka:ai 
ai:ak ! 0 and ka:xi  xi:ak ! 0 for all a 2 A
and a 2 A;
(ii) kx:ai  ai:xk ! 0 for all x 2 X, and
(iii) ka:xi  xi:ak ! 0 for all a 2 A.
Corollary 3.5 Let A be A-bimodule and X be a Banach
A-A-module and let u 2 DðAÞ and / 2 XA. If A1 X is
module ð ~/;uÞ-inner amenable, then A is module ð/;uÞ-
inner amenable.
Corollary 3.6 Let Aand B be A-bimodules and X be a
Banach A1 B-A-module. If s is module character inner
amenable, then so are A and B.
Proof Suppose that s is module character inner amenable.
By Corollary 3.5, A1 B is module character inner
amenable. Therefore, corollary 3.3 implies that A and B are
module character inner amenable. h
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